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Abstract. Local boundary conditions involving field strengths and the normal to the
boundary, originally studied in anti-de Sitter space-time, have been recently considered
in one-loop quantum cosmology. This paper derives the conditions under which spin-
raising operators preserve these local boundary conditions on a 3-sphere for fields of spin
0, 12 , 1,
3
2 and 2. Moreover, the two-component spinor analysis of the four potentials of the
totally symmetric and independent field strengths for spin 32 is applied to the case of a
3-sphere boundary. It is shown that such boundary conditions can only be imposed in
a flat Euclidean background, for which the gauge freedom in the choice of the potentials
remains.
PACS numbers: 04.20.Cv, 04.60.+n, 98.80.Dr
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Recent work in the literature has studied the quantization of gauge theories and supersym-
metric field theories in the presence of boundaries, with application to one-loop quantum
cosmology [1-9]. In particular, in the work described in [9], two possible sets of local
boundary conditions were studied. One of these, first proposed in anti-de Sitter space-
time [10-11], involves the normal to the boundary and Dirichlet or Neumann conditions
for spin 0, the normal and the field for massless spin-12 fermions, the normal and totally
symmetric field strengths for spins 1, 32 and 2. Although more attention has been paid
to alternative local boundary conditions motivated by supersymmetry, as in [2-3,8-9], the
analysis of the former boundary conditions remains of mathematical and physical interest
by virtue of its links with twistor theory [9]. The aim of this paper is to derive further
mathematical properties of the corresponding boundary-value problems which are relevant
for quantum cosmology and twistor theory.
In section 5.7 of [9], a flat Euclidean background bounded by a 3-sphere was studied.
On the bounding S3, the following boundary conditions for a spin-s field were required:
2s en
AA′ ...en
LL′ φA...L = ±φ˜A
′...L′ . (1)
With our notation, en
AA′ is the Euclidean normal to S3 [3,9], φA...L = φ(A...L) and
φ˜A′...L′ = φ˜(A′...L′) are totally symmetric and independent (i.e. not related by any conju-
gation) field strengths, which reduce to the massless spin-1
2
field for s = 1
2
. Moreover, the
complex scalar field φ is such that its real part obeys Dirichlet conditions on S3 and its
imaginary part obeys Neumann conditions on S3, or the other way around, according to
the value of the parameter ǫ ≡ ±1 occurring in (1), as described in [9].
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In flat Euclidean 4-space, we write the solutions of the twistor equations [9,12]
D
(A
A′ ω
B) = 0 (2)
D
(A′
A ω˜
B′) = 0 (3)
as [9]
ωA = (ωo)A − i
(
ex
AA′
)
πoA′ (4)
ω˜A
′
= (ω˜o)A
′ − i
(
ex
AA′
)
π˜oA . (5)
Note that, since unprimed and primed spin-spaces are no longer isomorphic in the case
of Riemannian 4-metrics, Eq. (3) is not obtained by complex conjugation of Eq. (2).
Hence the spinor field ω˜B
′
is independent of ωB . This leads to distinct solutions (4)-(5),
where the spinor fields ωoA, ω˜
o
A′ , π˜
o
A, π
o
A′ are covariantly constant with respect to the flat
connection D, whose corresponding spinor covariant derivative is here denoted by DAB′ .
In section 5.7 of [9] it was shown that the spin-lowering operator [9,12] preserves the local
boundary conditions (1) on a 3-sphere of radius r if and only if
ωoA = −
iǫr√
2
π˜oA (6)
ω˜oA′ = −
iǫr√
2
πoA′ . (7)
To derive the corresponding preservation condition for spin-raising operators [12], we begin
by studying the relation between spin-12 and spin-1 fields. In this case, the independent
spin-1 field strengths take the form [9,11-12]
ψAB = i ω˜
L′
(
DBL′ χA
)
− 2χ(A π˜oB) (8)
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ψ˜A′B′ = −i ωL
(
DLB′ χ˜A′
)
− 2χ˜(A′ πoB′) (9)
where the independent spinor fields
(
χA, χ˜A′
)
represent a massless spin-12 field obeying
the Weyl equations on flat Euclidean 4-space and subject to the boundary conditions
√
2 en
AA′ χA = ǫ χ˜
A′ (10)
on a 3-sphere of radius r. Thus, by requiring that (8) and (9) should obey (1) on S3 with
s = 1, and bearing in mind (10), one finds
2ǫ
[√
2 π˜oA χ˜
(A′
en
AB′) − χ˜(A′ πo B′)
]
= i
[
2 en
AA′
en
BB′ ω˜L
′
DL′(B χA)
+ ǫ ωL D
(B′
L χ˜
A′)
]
(11)
on the bounding S3. It is now clear how to carry out the calculation for higher spins.
Denoting by s the spin obtained by spin-raising, and defining n ≡ 2s, one finds
nǫ
[√
2 π˜oA en
A(A′ χ˜B
′...K′) − χ˜(A′...D′ πo K′)
]
= i
[
2
n
2
en
AA′ ...en
KK′ ω˜L
′
DL′(K χA...D)
+ ǫ ωL D
(K′
L χ˜
A′...D′)
]
(12)
on the 3-sphere boundary. In the comparison spin-0 vs spin-12 , the preservation condition
is not obviously obtained from (12). The desired result is here found by applying the
spin-raising operators [12] to the independent scalar fields φ and φ˜ (see below) and bearing
in mind (4)-(5) and the boundary conditions
φ = ǫ φ˜ on S3 (13)
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en
AA′DAA′φ = −ǫ enBB
′
DBB′ φ˜ on S
3 . (14)
This leads to the following condition on S3 (cf Eq. (5.7.23) of [9]):
0 = iφ
[
π˜oA√
2
− πoA′ en A
′
A
]
−
[
ω˜K
′
√
2
(
DAK′φ
)
− ωA
2
en
K′
C
(
DCK′φ
)]
+ ǫ en
A′
(A ω
B DB)A′ φ˜ . (15)
Note that, whilst the preservation conditions (6-7) for spin-lowering operators are purely
algebraic, the preservation conditions (12) and (15) for spin-raising operators are more
complicated, since they also involve the value at the boundary of four-dimensional covari-
ant derivatives of spinor fields or scalar fields. Two independent scalar fields have been
introduced, since the spinor fields obtained by applying the spin-raising operators to φ and
φ˜ respectively are independent as well in our case.
In the second part of this paper, we focus on the totally symmetric field strengths
φABC and φ˜A′B′C′ for spin-
3
2
fields, and we express them in terms of their potentials,
rather than using spin-raising (or spin-lowering) operators. The corresponding theory in
Minkowski space-time (and curved space-time) is described in [13-16], and adapted here
to the case of flat Euclidean 4-space with flat connection D. It turns out that φ˜A′B′C′ can
then be obtained from two potentials defined as follows. The first potential satisfies the
properties [13-16]
γCA′B′ = γ
C
(A′B′) (16)
DAA
′
γCA′B′ = 0 (17)
φ˜A′B′C′ = DCC′ γ
C
A′B′ (18)
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with the gauge freedom of replacing it by
γ̂CA′B′ ≡ γCA′B′ +DCB′ ν˜A′ (19)
where ν˜A′ satisfies the positive-helicity Weyl equation
DAA
′
ν˜A′ = 0 . (20)
The second potential is defined by the conditions [13-16]
ρBCA′ = ρ
(BC)
A′ (21)
DAA
′
ρBCA′ = 0 (22)
γCA′B′ = DBB′ ρ
BC
A′ (23)
with the gauge freedom of being replaced by
ρ̂BCA′ ≡ ρBCA′ +DCA′ χB (24)
where χB satisfies the negative-helicity Weyl equation
DBB′ χ
B = 0 . (25)
Moreover, in flat Euclidean 4-space the field strength φABC is expressed in terms of the
potential ΓC
′
AB = Γ
C′
(AB), independent of γ
C
A′B′ , as
φABC = DCC′ Γ
C′
AB (26)
with gauge freedom
Γ̂C
′
AB ≡ ΓC
′
AB +D
C′
B νA . (27)
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Thus, if we insert (18) and (26) into the boundary conditions (1) with s = 3
2
, and re-
quire that also the gauge-equivalent potentials (19) and (27) should obey such boundary
conditions on S3, we find that
2
3
2
en
A
A′ en
B
B′ en
C
C′ DCL′ D
L′
B νA = ǫ DLC′ D
L
B′ ν˜A′ (28)
on the 3-sphere. Note that, from now on (as already done in (12) and (15)), covariant
derivatives appearing in boundary conditions are first taken on the background and then
evaluated on S3. In the case of our flat background, (28) is identically satisfied since
DCL′ D
L′
B νA and DLC′ D
L
B′ ν˜A′ vanish by virtue of spinor Ricci identities [17-18]. In
a curved background, however, denoting by ∇ the corresponding curved connection, and
defining AB ≡ ∇M ′(A∇M
′
B) , A′B′ ≡ ∇X(A′ ∇XB′), since the spinor Ricci identities
we need are [17]
AB νC = ψABDC ν
D − 2Λ ν(A ǫB)C (29)
A′B′ ν˜C′ = ψ˜A′B′D′C′ ν˜
D′ − 2Λ˜ ν˜(A′ ǫB′)C′ (30)
one finds that the corresponding boundary conditions
2
3
2
en
A
A′ en
B
B′ en
C
C′ ∇CL′ ∇L
′
B νA = ǫ ∇LC′ ∇LB′ ν˜A′ (31)
are identically satisfied if and only if one of the following conditions holds: (i) νA = ν˜A′ = 0;
(ii) the Weyl spinors ψABCD, ψ˜A′B′C′D′ and the scalars Λ, Λ˜ vanish everywhere. However,
since in a curved space-time with vanishing Λ, Λ˜, the potentials with the gauge freedoms
(19) and (27) only exist provided D is replaced by ∇ and the trace-free part Φab of the
Ricci tensor vanishes as well [19], the background 4-geometry is actually flat Euclidean
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4-space. Note that we require that (31) should be identically satisfied to avoid that, after
a gauge transformation, one obtains more boundary conditions than the ones originally
imposed. The curvature of the background should not, itself, be subject to a boundary
condition.
The same result can be derived by using the potential ρBCA′ and its independent coun-
terpart ΛB
′C′
A . This spinor field yields the Γ
C′
AB potential by means of
ΓC
′
AB = DBB′ Λ
B′C′
A (32)
and has the gauge freedom
Λ̂B
′C′
A ≡ ΛB
′C′
A +D
C′
A χ˜
B′ (33)
where χ˜B
′
satisfies the positive-helicity Weyl equation
DBF ′ χ˜
F ′ = 0 . (34)
Thus, if also the gauge-equivalent potentials (24) and (33) have to satisfy the boundary
conditions (1) on S3, one finds
2
3
2
en
A
A′ en
B
B′ en
C
C′ DCL′ DBF ′ D
L′
A χ˜
F ′ = ǫ DLC′ DMB′ D
L
A′ χ
M (35)
on the 3-sphere. In our flat background, covariant derivatives commute, hence (35) is
identically satisfied by virtue of (25) and (34). However, in the curved case the boundary
conditions (35) are replaced by
2
3
2
en
A
A′ en
B
B′ en
C
C′ ∇CL′ ∇BF ′ ∇L
′
A χ˜
F ′ = ǫ ∇LC′ ∇MB′ ∇LA′ χM (36)
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on S3, if the local expressions of φABC and φ˜A′B′C′ in terms of potentials still hold [13-16].
By virtue of (29)-(30), where νC is replaced by χC and ν˜C′ is replaced by χ˜C′ , this means
that the Weyl spinors ψABCD, ψ˜A′B′C′D′ and the scalars Λ, Λ˜ should vanish, since one
should find
∇AA′ ρ̂BCA′ = 0 ∇AA
′
Λ̂B
′C′
A = 0 . (37)
If we assume that ∇BF ′ χ˜F ′ = 0 and ∇MB′ χM = 0, we have to show that (36) differs
from (35) by terms involving a part of the curvature that is vanishing everywhere. This is
proved by using the basic rules of two-spinor calculus and spinor Ricci identities [17-18].
Thus, bearing in mind that [17]
AB χ˜B′ = Φ
AB
L′B′ χ˜
L′ (38)
A′B′ χB = Φ˜
A′B′
LB χ
L (39)
one finds
∇BB′ ∇CA′ χB = ∇(BB
′ ∇C)A′ χB +∇[BB
′ ∇C]A′ χB
= −1
2
∇ B′B ∇CA
′
χB +
1
2
Φ˜A
′B′LC χL . (40)
Thus, if Φ˜A
′B′LC vanishes, also the left-hand side of (40) has to vanish since this leads to
the equation ∇BB′ ∇CA′ χB = 12∇BB
′ ∇CA′ χB . Hence (40) is identically satisfied. Sim-
ilarly, the left-hand side of (36) can be made to vanish identically provided the additional
condition ΦCDF
′M ′ = 0 holds. The conditions
ΦCDF
′M ′ = 0 Φ˜A
′B′CL = 0 (41)
9
Spin-raising operators and spin- 3
2
potentials in quantum cosmology
when combined with the conditions
ψABCD = ψ˜A′B′C′D′ = 0 Λ = Λ˜ = 0 (42)
arising from (37) for the local existence of ρBCA′ and Λ
B′C′
A potentials, imply that the
whole Riemann curvature should vanish. Hence, in the boundary-value problems we are
interested in, the only admissible background 4-geometry (of the Einstein type [20]) is flat
Euclidean 4-space.
In conclusion, in our paper we have completed the characterization of the conditions
under which spin-lowering and spin-raising operators preserve the local boundary condi-
tions studied in [9-11]. Note that, for spin 0, we have introduced a pair of independent
scalar fields on the real Riemannian section of a complex space-time, following [21], rather
than a single scalar field, as done in [9]. Setting φ ≡ φ1 + iφ2, φ˜ ≡ φ3 + iφ4, this choice
leads to the boundary conditions
φ1 = ǫ φ3 φ2 = ǫ φ4 on S
3 (43)
en
AA′ DAA′ φ1 = −ǫ enAA
′
DAA′ φ3 on S
3 (44)
en
AA′ DAA′ φ2 = −ǫ enAA
′
DAA′ φ4 on S
3 (45)
and it deserves further study.
We have then focused on the potentials for spin-32 field strengths in flat or curved
Riemannian 4-space bounded by a 3-sphere. Remarkably, it turns out that local boundary
conditions involving field strengths and normals can only be imposed in a flat Euclidean
background, for which the gauge freedom in the choice of the potentials remains. In [16]
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it was found that ρ potentials exist locally only in the self-dual Ricci-flat case, whereas γ
potentials may be introduced in the anti-self-dual case. Our result may be interpreted as
a further restriction provided by (quantum) cosmology.
A naturally occurring question is whether the potentials studied in this paper can
be used to perform one-loop calculations for spin-32 field strengths subject to (1) on S
3.
This problem may provide another example (cf [9]) of the fertile interplay between twistor
theory and quantum cosmology, and its solution might shed new light on one-loop quantum
cosmology and on the quantization program for gauge theories in the presence of boundaries
[1-9].
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